Rotating magnetized white dwarfs are studied within the framework of general relativity using Hartle's formalism. Matter inside magnetized white dwarfs is described by an equation of state of particles under the action of a constant magnetic field which introduces anisotropic pressures. Our study is done for values of magnetic field below 10 13 G -a threshold of the maximum magnetic field obtained by the cylindrical metric solution-and typical densities of WDs. The effects of the rotation and magnetic field combined are discussed, we compute relevant magnitudes such as the moment of inertia, quadrupole moment and eccentricity.
Introduction
White dwarfs are very well-known compact objects with typical values of mass around a solar mass and the size of the Earth. Composed mainly by carbon, they counteract the gravitational pull by means of the pressure of the degenerate electron gas while the carbon nuclei are the principal contribution to the mass.
Observations estimate magnetized white dwarfs (MWDs) surface magnetic fields in the range of 10 6 G to 10 9 G [1, 2] whereas internal magnetic fields are determined indirectly using theoretical models based on macroscopic and microscopic analyses. Moreover, there are observations of superluminous thermonuclear supernovae, whose progenitor could be super-Chandrasekhar WDs (M WD > 1.44M ⊙ ) [3] . Consequently, in Refs. [4] [5] [6] it was proposed to justify their existence with the presence of strong magnetic fields above 10 13 G. A magnetic field acting on a fermions system breaks the SO(3) symmetry, giving rise to an anisotropy in the equations of state (EoS) [7] .
Furthermore, the anisotropy of the energy momentum tensor caused by the magnetic field can be included considering an axi-symmetric and poloidal strong magnetic field [8] , which allows to model rotating magnetized white dwarfs in a self-consistent way by solving Einstein-Maxwell equations [9, 10] .
The presence of the anisotropic pressures suggests that introducing an axially symmetric metric to solve Einstein equation is crucial. Previously we have used a cylindrical metric and obtained a maximum bound of 1.5 × 10
13 G for the magnetic field of stable MWDs [11] , ruling out the possibility of super-Chandrasekhar WDs with strong magnetic fields.
Rotation is another plausible cause for the increment in mass of white dwarfs. In order to investigate this issue, we solve the rotating structure equations emerging from spherical symmetry by Hartle's method -despite spherical metric is no longer adequate when considering anisotropic EoS-. This allows us to determine if the deformation of the rotating stars accounts for stable RMWDs with mass above 1.44M ⊙ .
With that aim, we first describe the equilibrium of RMWDs by solving Einstein equations in section 2 while considering both pressures -one parallel and the other perpendicular to the magnetic field-independently. Then, in section 3 we present numerical results, and finally in section 4, our conclusions.
Slowly rotating structure equations for RMWDs
When discussing the structure of compacts objects, it must be analyzed both local and global properties of the involved matter. The first ones are described by an equation of state (EoS), while the latter ones comprises the dynamical response of matter at large scales to, for instance, gravity and rotation. In this paper, we consider the magnetized equations of state obtained in Refs. [12, 13] for carbon/oxygen WDs whose matter is composed by particles under the action of a constant magnetic field, which leads to a splitting of the pressure into a component parallel to the magnetic field and a perpendicular one. The values of the magnetic field are chosen below the 10 13 G threshold mentioned before.
Regarding the structure equations for a slowly rotating compact object, we take into account the angular velocity (Ω) of the star uniform and sufficiently slow so that R 3 Ω 2 ≪ M , where M and R are the mass and the radius of the non-rotating WDs respectively. Then, the angular velocity provokes small changes in the pressure P , energy density E = ρc 2 and gravitational field with respect to the corresponding quantities of the static configuration. These changes can be considered as perturbations of the non-rotating solution.
So, to consider that a star is rigidly and slowly rotating implies calculating its equilibrium properties reckoning small perturbations on static configuration. Introducing new coordinates (r, θ, φ), where r(R, θ) = R + ξ(R, θ) takes into account deviations from spherical symmetry, the metric of the rotating configuration becomes [14, 15] 
Here P 2 (cos θ) is the Legendre polynomial of second order, e ν and e λ = [1 − 2M (r)/r] −1 are the static metric functions, and ω(r) =ω(r) + Ω is the angular velocity of the local inertial frame, whereω(r) is the fluid's angular velocity relative to the local inertial frame. The functions h 0 = h 0 (r), h 2 = h 2 (r), v 2 = v 2 (r), and mass perturbation factors m 0 = m 0 (r) and m 2 = m 2 (r) are all proportional to Ω 2 . Besides, we must define the pressure perturbation factors p * 0 and p * 2 on the order of Ω 2 , which modify the energy-momentum tensor [15] .
Once computed Einstein equations considering perturbations up to O(Ω 2 ) with the metric (1), the structure of the perturbed rotating stars is described by the static equations of TolmanOppenheimer-Volkoff for the pressure P , the mass and ν in addition to the equations forω, m 0 , p * 0 , h 2 , v 2 , m 2 and p * 2 . The system to integrate outward is
alongside with expressions
These equations must be solved with the proper boundary conditions. This means to contemplate values of the central energy density within typical values for WDs. The pressure is maximum in the center of the star and must go to zero at the surface. Hence, the integration is carried out until P vanishes. The value forω at the center is arbitrary and the rest of the variables are set up to zero initially.
The total angular momentum is J = R 4 κ(R)/6, the angular velocity of the rotating WD is Ω =ω(R) + 2J/R 3 , the moment of inertia is I = J/Ω, and the total mass is
Also, we compute the quadrupolar momentum [14, 15] 
where Q n m (x) is the associated Legendre function of second kind. The rotational deformation of the WD can be depicted through the displacement of the surface of constant density at radius r in the static configuration to
when rotating. The eccentricity is
with
R eq = r(R,
3 Results and discussion As described in the previews section, considering slow rotation increases the mass of the stars. However, this increment diminishes as the density increases, so that the outcome for the total mass is lower than the Chandrasekhar mass even for higher densities solutions, at least for the values of the magnetic fields below the Schwinger critical magnetic field for which our EoS are valid. Furthermore, the precision of our stable solutions increases with the central density of the star.
In left panel of Fig. 2 we present the moment of inertia I and the quadrupolar momentum Q as a function of density for B = 0, and B = 10 12 G, for both parallel and perpendicular pressures. The right panel shows the eccentricity also as a function of ρ c . The change of the magnetized solutions respect to the non-magnetic ones are not substantial. Contrary to the behavior of I and Q, the eccentricity decreases with the increment of energy density. Additionally, the facts that 0 < ε < 1, R p < R eq and Q > 0 implies that the solutions correspond to oblate WDs configurations. This can be easily pictured from Fig. 3 , where we have plotted the polar radius versus the equatorial radius on left panel, and, in the right panel we have constructed a parametrical surface of the non-magnetized solution at ρ c = 2.49547 × 10 8 g cm −3 using the corresponding values of R eq and R p . 
Conclusions
We have implemented an algorithm to study slowly rotating MWDs using the formalism proposed by Hartle for magnetized equations of state. Numerical solutions have been computed for the total mass of the rotating star as well as its equatorial and polar radii and the static couterpart. The moment of inertia, the quadrupolar momentum and the eccentricity were analyzed, confirming that rotation in this way deforms the star, that are now oblate spheroids. In all cases, results were obtained for the non-magnetic configuration and for a fixed value of 10 12 G, lower than 10 13 G, a critical field beyond which solutions are unstable. Our results for non-magnetized slowly rotating WDs are in agreement with Refs. [16, 17] . Also, the stable slowly rotating solutions obtained are bounded by the condition of applicability of Hartle's method, which is satisfied more accurately for WDs of higher densities.
Taking into account the splitting of the pressure, it would be interesting to investigate the possibility of an alternative method to the one discussed here in order to include both, parallel and perpendicular pressures at the same time. This could give an insight into a more precise description of such anisotropic WDs, and would allow to compare the deformation of the stars due to the effect of the magnetic field with the rotational deformation.
